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Abstract: The paper deals with the design of the robust &btroller for real uncertain Coupled-Tank
process in the frequency domain. Only the firseppehdent tank is considered (single-input singlau
system). Robust controller is designed in two walise first approach is performed with the Edge
Theorem and the Neimark’® -partition method for the affine model and the setone is performed
with the modification of the Neimark’® -partition which ensures desired phase margin.

Keywords:SISO, Robust PID Controller, Edge Theoren;partition, phase margin.

1. INTRODUCTION output (MIMO) system for opened valve V12 or two
independent single-input single-output (SISO) gysteor
closed valve V12. Both tanks are made of Plexigldsese
two tanks are mounted on a platform with a metesogle
before each tank indicating the approximate ligleie! in
tank. Exact liquid level in each tank is measursthg an
electronic sensor. Other components of system igred|
basin (reservoir), two pumps (Pumpl and Pump2 gn E),
two outlet valves (V1 and V2 in Fig. 1) and eleaimcircuit
There exist various approaches to robust stakditglysis communicating withLABREG software in computer. This
and robust control design for uncertain linearesyst. In this  software is made for identification and control fal
paper the frequency domain PID controller designréal processes. TheLABREG operates in MATLAB using
Coupled-Tank process is considered. Liquid tankcgsees toolboxes SIMULINK, Ident Control and Real Time
play important role in industrial application suak in food  Cooperation between Coupled-Tank process and c@mput
processing, filtration, pharmaceutical industry, tava and LABREG software is ensured using Advantech data
publication system, industrial chemical processindg spray  acquisition card of type PCI 1711. More abbABREGand
coating (Ramli et al. 2009). Many industrial apgtions are  mentioned toolboxes can be found in (Kajan et@D.7}.
concerned with level of liquid control, may it besmgle
loop level control or sometimes multi loop levelntwl

Control of real processes inherently includes ulagaties
(modeling errors due to linearization and approxiom
disturbances etc.), which have to be consideredhin
adequate control design. Therefore robustness geltman
important control design qualities: closed loop tegs
stability and performance should be guaranteed dker
whole uncertainty domain, (Vesely et al. 2006).

The paper deals with design of robust controller 3¢SO
. : system (valve V12 is closed), consequently thenebeaused
I(iRl?ircTi]zisa(ljJsee;[da(LSIZSng). In this paper only the fiastk with one or two independent tanks. Only one tank prodégss
q ' considered, therefore the purpose is to contraididevel in
The paper is organized as follows. The next secgimes the first tank by the inlet liquid flow from ther$it electronic
details about Coupled-Tank process. Section 3dottes a  DC pump (Pump1l). The process inputj$t) (voltage input
PID controller design using two approaches. In isact to Pump1) and the output i (t) (liquid level in the first
some results of robust PID controller design aes@nted. i )
Several step responses of closed-loop system wigpoged ~ t@ank — T1). Input power is bounded by interyal10 volts

F’|D cqntroller are plotted there. Finally, conctusis given and output signal is measured using electronicoserg,
In section 5. and Q, in Fig. 1 denote the inlet and outlet flow rates f

R T1 respectively. Outlet flow is affected by electimoutlet
2. COUPLED-TANK PROCESS valve (V1), which can be set manually from 0 to \idts

The industrial Coupled-Tank process is one of teal r (for 0 [V] is closed, for 10 [V] fully opened) angpresent
processes built for control education and reseatc¢hstitute  perturbation.
of Control and Industrial Informatics. The appasatonsists
of two tanks (T1 and T2 in Fig. 1), which can beigled
using valve V12 (the manual valve). Therefore ttoeiiled-
Tank process with two tanks represents a multitimpulti-
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Fig. 1. Coupled-Tank process

3. PRELIMINARIES AND PROBLEM FORMULATION
3.1 Robust controller design using the Edge Theorem

For this theory affine model of the plant is uskds used
advantageously because a part of parameters ofethe
process vary dependently. Affine model is in tlois

by(9+ ab(3
G(9=— 1 ®

a,(9+3 ga(3

where by(s), b(9 and a,(s), a(9 are polynomials of
numerator and denumerator and uncertain paramegtease

from interval [&E}

Each real uncertain parameteg varies within a p-
dimensional domain. In other words, the parametator
9" =[q,...,q, | varies in the hypercube (Ackerman 1997,
Bhattacharyya et al. 1995)

Q={alq0[q.q]. i=12...9 2

Alternating minimal @ ) and maximal Gi) value of g, we

obtain the polytope with2” vertices. Each vertex can be
represented by a transfer function with constaeffaoents.
Transfer function (1) describes a polytopic system.

Consider the controller described by transfer fiomct
F.(s)
F,(s)

where F(s) and F,(s) are polynomials with constant
parameters.

Gr(9) = 3

If parameter q varies within a hypercube, it generates a

polytopic family of closed-loop characteristic podmials
described as follows

507

Ps9=R(IEH 3+ & B R )

P 4
+2.a[b(9R(3+ Al 3 KA @

or in more general form according to (Hypiusovale2007,
Hypiusové et al. 2008)

p(s A= R(3+Y. AR B ©

whereq, 0Q.

Theorem 1 - Edge Theordiypiusova et al. 2007)

The polytopic family of characteristic polynomiafs) is
stable if and only if the edges of @t are stable.

The Edge Theorem gives an elegant solution to thblem
of determining the root space of polytopic systems.
Therefore the robust stability of such systems ako be
determined (Bhattacharyya et al. 1995). The stgbili
condition for polytopic family of characteristic [yaomials
(5) is given in the following theorem using robiarwitz
stability criteria. Using the Bialas Theorem stapibf each
edge of the polytopic box can be checked.

Theorem 2 - Bialas TheorefHypiusova et al. 2007)

The polynomial family
p(s Q={A n($+@-1) p( 3 A0[0.4}

is stable if and only if:

(6)

p.(9), R(9 are stable,
« the matrix (Héb))_nga) has no nonpositive real
eigenvalues

where matricesH® and H® are Hurwitz matrices of
following polynomials

P(9=Ro* RuSH..+ B, S,
P.(9=pet RySH...+ R, 5,
By applying the Neimark’sD -partition method with Edge
Theorem, the required stability degree of closexplsystem

can be guaranteed. The controller coefficientschmsen so
that the vertices and edges of polytopic systensiaige.

B>0
7
R>0 @

3.2 Robust controller design with desired phasegimar

This approach is in details described in (Hypiusetéal.
2010a, Hypiusova et al. 2010b), where closed-logiesn
with G;(s) (transfer function of PID controller) an@(s)

(transfer function of the real plant) is consider&tie real
perturbed plant with unstructured inverse additive
uncertainties is described as follows (Vesely e2@06)

G(9= G(I( 1+ w( 3. (3 X B ®)
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where G,(s) is nominal model,w,(s) is stable weighting
scalar transfer functionA,(s) is normalized matrix of
unstructured uncertainty\(, (s) <1).

Weighting scalar transfer function must be choserafl w
in accordance with
|\Nia (Cl))| 2 Iia (Cl))

)

and weighting functionl,(«w) is the maximum singular
value of differenceG,(jw) -G, (jw) for N (k=1,..,N)

known transfer functions:
I, (@) = maxay, G, (jw)-G, (jw)) (10)

The nominal model stability is equivalent to thabslity of

the MA-structure. We thus need to derive the robust

stability conditions usingM A -structure for checking the
stability according to (Hypiusova et al. 2010a, §dstad et
al. 2005) as follows

1
0, M) <5 (11)
and
__ G0
Mol = G 96 (9 (12)

where G,(s) and G,(s) are transfer functions of PID
controller and nominal model. Nominal model hasthis
case the following form
)
N

)

where B, A (i=1...,N) are polynomials of numerator

and denumerator o\ identified transfer functions of the
real process (ifN working points).

B(9) _ @B'(S)
AT

i=1

Gy(9 =

13)

Consider transfer function of PID controller

K

S

(14)

GR(S):M: KP+ +KDS

The robust PID controller design is performed witie
modification of the Neimark’sD -partition which ensures
stability and desired phase margin of the closeg-lsystem
with nominal model described in (13) as in (Hypuse@t al.
2010a).

The closed-loop system characteristic equationnfaminal
model is

1+Gr(9G(9=0

From (15) the relationship betwe&),(s) and G,(s) can be
obtained

(15)
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= KP+K—S"+ Kps=-—

A9
B($

Using substitution s= jw, real and imaginary part of
equation (16) are

Gu(9=- (16)

Go(9)

Re K, = -2 U®)
Bo(Jw)
) a7
m: Kk :_A)(!w)
By (jw)

The D -curve in the complex plan€ for parameterK, can

be plotted from real part (17) by changing valuecwofstep

by step in interva(0,0) . Similarly it is with imaginary part
(17), from whereD -curve for parameters, and K, can

be plotted. Parameters of PID controller are ole@im two
steps. In the first one it is possible to pbDt-curve for K,

and K, (PD controller is obtained) and in the second one
for parameterX,, and K, (PI controller).

When a phase margin is considered, the closeddgsigm

characteristic equation (15) can be rewritten atiogr to

(Hypiusova et al. 2010a, Hypiusova et al. 2010b)
1+Go(9G(9€” =0 (18)

where ¢ is the angle of desired rotation in radians (phase

margin) and in this way it is possible to rotate frequency
plot. From (18) real and imaginary parts can beaioled,
which describe thé -curves as

(19)
By( joe?

Parameters of PD and PI controller are chosen frtmtted
D -curves. The final PID controller is representedsasges
connection of PD and PI controller and can be dated as
follows

Gu(9= (K o9 Ko+

(KPlKP2+ KDKI) s+ KPlKI
S

20
_ KpKps® + (20)

The first controller (PD) is used for stabilizatiof system
and the second one (PI) ensures desired phasemmargi

4. DESIGN OF ROBUST PID CONTROLLER FOR
COUPLED-TANK PROCESS

In this case, system step response is examinedsfEra
function of the system in all three working poifgobtained
from the output step response of open loop systengBJ
(Box-Jenkins) method of identification. More aboBt
method of identification can be found in (Pintelen al.
20064, Pintelon et al. 2006b). We consider trarfsfections
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of a liquid level in the first tank (see Fig. 1)taimed by
identification in three working points:

WP1 (working point 1):
water pump voltag€ input voltape 2,5 T
step of water pump voltage intime t 75 [ ]
outlet valve voltagé perturbatione7 [

Transfer function is obtained by BJ method of idferation
as

2,9676+ 29,9239

21
816,904%° + 202, 6858 D)

Gy (9 =

WP2 (working point 2):
water pump voltagé input voltape3,5[ ]
step of water pump voltage intime t#5 [ ]
outlet valve voltagé perturbatige=9 [ |\

Transfer function is obtained by BJ method of idferattion
as

0,7824+ 7,8848
360,5413% + 82,2618+

G (9) = (22)

WP3 (working point 3):
water pump voltagé input voltape4 [ ]
step of water pump voltage in time t 5[ ]
outlet valve voltagé perturbation=10 [ N

Transfer function is obtained by BJ method of idferattion
as

0,546+ 5,5007

23
297,473 + 63,8584+ (23)

Gupe(9) =

Transfer function of the nominal model is obtairld(13)
from the above three working points

1,43+ 14,44
Gy(9) =

= 24
491,67 + 116,3+ (24)

The respective polytopic (affine) model of the CledpTank
process is described by

_b(9+qh(3+ gl »
&(9+qa(s+ qgal »

where q, i=1...,N are uncertain coefficients and
polynomials of numerator and denumerator are

by (s) =1,75685+ 17,7123

b(s) =-0,11815%- 1,1921

b,(s) =-1,0926s- 11,0195

a,(9) =557,188%F + 133,2718+

a,(9 =-31,534¥ - 9,2014

a,(9) =-228,181& - 60,21208

G(9 (25)
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More about practical procedure on how to get thHeesof
polynomials of numerator and denumerator can baddn
(Vesely et al. 2006).

4.1 Robust controller design using the Edge Theorem

The robust PID controller is proposed using the edg
Theorem approach for the polytopic model defined2h).
The required degree of stability is 0. Using Neimark’s
D -partition method the robust PID controller is desid

1,68 + 4s+ 0,1

Gr(9) = .

(26)
Theorem 2 (Bialas Theoremrifies stability and it can be
said that the closed-loop polytopic system with ustb
controller is stable and the achieved degree dflgta o in

4 vertices is 0,0258. Proposed robust PID contr¢6) was
set on the real process (first tank). Step resmoimsall three
working points are depicted in Fig. 2,3,4.

Step response of closed-loop system (WP1)
T e —

P \ ) ,frﬂ a
AAA A=
|f V "

3

w[

Level of water in the first tank

| — liqu.id_level
} . setpoint

05 A - - .
0 50 100 150 200

Tirme [s]

Fig. 2. Step response of closed-loop system in \(#eLfirst
working point)

Step response of closed-loop system (WP2)
5 T T

45+

1% NI —

o] o
o w o -
T T
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r
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—
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e StpoOINt

1
150

1 | i
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Fig. 3. Step response of closed-loop system in WtRe
second working point)
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Step response of closed-loop system (WP3)
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Fig. 4. Step response of closed-loop system in W{R&
third working point)

4.2 Robust controller design with desired phasegimar

Consider the transfer function of nominal modeirag24).
Required phase margigy is 45 . In the first stepD -curve

for parametersK,, and K, (PD controller) is plotted.

Ky, =0,3542 and K, =0,0171%. Transfer function of the
final PID controller is

0,2426&° + 1,276+ 0,0611
S

Gr(9) = (27)

Poles of characteristic equation of closed-loogesyswith
PID controller (27) are0,0914+ 0,1398] and -0,0643.

D-curve with desired phase margin

7 e — a— - —— mp— om— L]
: : : ; desired phase margin
phase margin 0°

Kpo

These parameters are chosen from stable regioneaboy:ig_ 6. D -curve for parameters.,, and K,

magenta line (see Fig. 5) because it is neceseastabilize
the system (the parameters need not be choserfroniythe
blue line in this step).

The PD controller has following coefficients,, = 3,569

Fig. 7 and 8 show that the desired phase marginrainast
stability are satisfied. Proposed PID controller)(%vas set
on the real process. Step responses in all thredivgo

and K, =0,6849. Poles of characteristic equation of points are plotted in Fig. 9, 10 and 11.

closed-loop system with PD controller

-0,1332 0,2981.

D-curve with desired phase margin

40| T ......... ........ desired phase margin |1

: : : ; phase margin 0°
a0 _ ......... ........... ........... ......... .......... ........... .........

e | I - ........... .......... L I— L J
s P S ........... .......... s ........... S :
BOf e TR ........... ......... e ........... A J

sple S ........... .......... .......... L S _

AR s st A A A B T i

1 1 1 i 1 1
1] 500 1000 1800 2000 2500 3000
K

P

Fig. 5. D -curve for parameter&,, and K,

The next step consists in design of Pl controlbernfominal
model with PD controller. Parameters of Pl coné&oleed
to be chosen from plotted desired phase marfh (the
blue line in Fig. 6). Chosen coefficients of P| trofier are

510

are

Bode Disgram
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Fig. 7. Bode characteristics for Coupled-Tank pssce
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s s Step response of closed-loop system (WP3)
Robust stability condition Mt < Ma 55 . -
T T T T

25 T T T T T T T T T

Mo 51 = i TSN RS
Mt

a45L £ _f' 4

/
4 e 4
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Level of water in the first tank
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o w
T
~]

i
i 1

2pf 4
; : : : : : : : 5 1sh-/
DE ........ . ........ ......... ......... ........ \ ........ ......... ........ ........ ......... ) [
: : : ; : : : : i / =— liguid level
! [ setpoint
0 i i i i i i L i i e 50 100 150 200
0 2 4 5] 3 10 12 14 16 18 20 Time [s]

omega[rad/s]

Fig. 11. Step response of closed-loop system in WP3
Fig. 8. Robust stability condition
5. CONCLUSION

Step response of closed-loop system (WP1)
T 7 T T

i ‘ . ' ! ! In this paper two approaches of robust PID corgrallesign
= for real unstable Coupled-Tank process have bessepted.
= ,_L/ L] The first one is Edge Theorem and the second apbriza
‘ T = | based on modification of the Neimark’D -partition
x ' method, which ensures not only stability of closeop
gl i f | | b b system but also desired phase margin. From vievoofrol
2 / ; quality, the robust controller design with desirpiase
s / ; margin using Neimark's D -curves is better. Results
* sl | obtained in the paper will be used for control edion at
& : i Institute of Control and Industrial Informatics. rkher
- aspects of the studied approach concerning rolwstatler
1;,/ . : ‘ . _ A design, closed-loop or open loop identificationGiupled-
il | [ Tquidlevel Tank process with cascade controller, are undesareh.
sclpoint
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